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Abstract 

We examine whether the chaotic behavior of classical systems with 
a limited number of degrees of freedom can produce quantum dephas- 
ing, against the conventional idea that dephasing takes place only in 
large systems with a huge number of constituents and complicated 
internal interactions. On the basis of this analysis, we briefly discuss 
the possibility of defining quantum chaos and of inventing a "chaos 
detector" . 
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Quantum dephasing is a central issue in quantum measurements. Many 
physicists used to think that quantum dephasing takes place as a result of the 
interaction with large systems endowed with a huge number of elementary 
constituents and complicated internal interactions. Usually, some random- 
ness associated with large systems is considered to play an important role 
in this context. See discussions on this matter within the framework of the 
many-Hilbert space theory 

It is now known that a class of classical systems with a few degrees of 
freedom behaves chaotically due to nonlinear dynamics f2j. This fact leads 
us to expect that the interactions between a quantum particle and a classical 
system with a limited number of degrees of freedom, if the latter is in chaotic 
motion, may give rise to quantum dephasing on the former. In this note, we 
shall investigate the possibility of such a kind of mechanism (yielding quan- 
tum dephasing by chaos arising from a classical system with a few degrees of 
freedom), and shall see from simple model calculations that this can indeed 
happen. We also discuss the issue of quantum chaos as a natural extension 
of this kind of argument, and look for a way to invent a new type of "chaos" 
detector. 

Let us start by introducing the notion of dephasing from the measure- 
ment-theoretical point of view. Consider a typical yes-no experiment of the 
Stern-Gerlach type as schematically shown in Fig.l. The whole measurement 
process is usually decomposed in two steps: the first being the spectral de- 
composition and the second the detection. Each incoming particle emitted 
by E and represented by a wave packet i/jq is separated by V into two branch 
waves ipA and ipB, running in channels A and B, respectively, corresponding 
to mutually-exclusive measurement propositions A and B. This is nothing 
but the spectral-decomposition step in which the phase correlation between 
the two branch waves is kept. This is followed by the detection step at de- 
tector D placed in channel A. Suppose that ipA is changed to ip' A by passing 
through D. If we have a coincidence (an anti-coincidence) signal between E 
and D, we get an affirmative (negative) answer to A. Here we have consid- 
ered D to be a perfect detector, in the sense that it completely destroys the 
phase correlation between the two branch waves ipA and ipB, that is, we have 
perfect dephasing between them. 

Suppose that D is simply an instrument, but not necessarily a perfect 
detector. In this case, in general, we have a semi-coherent and semi-mixed 
case, as will presently be seen. If the two branch wave packets are guided into 
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the final channel O to make a superposed state ip = ip' A + ipB (for simplicity, 
we have used the same notation for channel as in channels A and B), 
the probability of observing the particle by a perfect detector D , placed in 
channel 0, reads 



where f2 is the non-vanishing support of the wave packets. Usually, we per- 
form a quantum-mechanical observation by sending many incoming particles 
(their total number, in an experimental run, being N p ) through a steady (and 
very weak) incident beam into the target (D in this case), and by accumulat- 
ing many results obtained in such a run. If D is a perfect detector, that is, 
if it gives perfect dephasing between ip' A and ipB, the third term (the inter- 
ference term) of ([[]) disappears for the accumulated distribution. If, on the 
other hand, D fully keeps the phase correlation between the branch waves, D 
will read a perfect interference pattern. Otherwise, we obtain an imperfect 
measurement, yielding a semi-coherent and semi- mixed case. This way one 
can see, by making use of Do, whether D works well or not as a quantum 
detector. 

In a conventional measurement process, each incoming particle will meet, 
particle by particle, a different local system. In other words, the £th particle 
will interact with the £th local system and, correspondingly, get a transmis- 
sion coefficient Tm when it passes through D. Furthermore, suppose that we 
can consider the measurement process as a one-dimensional collision process, 
so that we can safely set ips — £ %kx and V^m — T^e lkx , as good approxi- 
mations. (Notice that e lkx symbolically represents a wave packet close to a 
plane wave.) In this approximation scheme the accumulated distribution of 
results obtained by Dq is given by 



where t and e are, respectively, the transmission probability and the deco- 
herence parameter, defined by 
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Here, of course, e is a positive number between and 1, and e = 1 corre- 
sponds to a perfect measurement (dephasing), e = to perfect interference 
(coherence), and its intermediate values to imperfect measurements (partially 
coherent and partially mixed states). Thus the value of e gives us a criterion 
to judge how well the instrument D can work as a measuring apparatus [p]]. 
In particular, the notion of dephasing can be expressed by 



provided that |T| 2 ^ 0. 

Let us now turn to a different situation from the conventional setup of 
the measurement problem, in which the instrument D consists of only one 
particle subject to classical dynamics. We examine whether this instrument 
D causes quantum dephasing or not, and, if yes, under which circumstances. 
For simplicity, we consider that this classical particle (to be called D-particle) 
interacts with an incoming quantum particle via a potential, its position 
being the center of the potential. Furthermore, all recoil effects and internal 
structures of the D-particle are neglected. In such a case, the motion of 
the £th incoming particle is described by the potential Vm = V(r — rm(t)) 
where is the position of the D-particle when the £th incoming particle 
meets the D-particle . Our crucial assumption is that the D-particle moves 
chaotically. Because of the ^-dependence of the chaotic potential center, we 
have to add the subscript ^ to P and to ip' A in ([[]). As the scatterer consists of 
a single particle and is not expected to be large in size, it is not appropriate 
to treat our present problem approximately as a one-dimensional collision 
process. This means that the above formula (0) in terms of T no longer 
holds, but we will be able to formulate the decoherence parameter in this case 
along a similar line of thought, as will be shown later. This new decoherence 
parameter preserves its original interpretation: If dephasing takes place, the 
decoherence parameter is equal to unity, and then the above instrument D is 
considered to work well clS db quantum detector. 

In what follows, for simplicity, we shall suppress the subscript A of the 
branch wave. Of course, we shall keep the subscript m for the branch wave of 
the £th incoming particle in channel A. We can write down the Schrodinger 
equation for the £th wave packet running in channel A as 



Re^A^lj] — , or T = , or equivalently e = 1 , 



(5) 
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V 2 + V(r-r (e) (t)) i/> (e) (r,t) = ih—i/> (e) {T,t) . 
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Note again that rw(t) stands for the center of the potential at time t. It is 
easy to see that the translation operator exp[|p • r^(t)} reduces the above 
equation to 



where v 



(0 



EL 

2m 



V 2 + V(t) + ihvy) ■ V 



^(£)(r,t) = ih—if; ie) (r,t) 



and 



(7) 



(8) 



In this note, we shall consider only two extreme cases: (i) Adiabatic change, 
and (ii) rapid change. 

Adiabatic change case: If the center of the potential moves very slowly 
during the passage of each incoming wave packet, we can safely consider the 
center fixed in each scattering process. In this case we can put v^) = 0, so 
that 



d. 



ip {e) (r,t) = ih—ip i£) (r,t) 



(9) 



Here ip(e) simply becomes a wave function for the scattering process by a 
fixed potential V = V(r), whose center is located at the origin, so that we 
can omit the subscript m. (Recall that we are excluding the case in which the 
inner motion of the scatterer may give rise to an additional ^-dependence.) 
If we deal with a wave packet very close to a plane wave, we can put 



ex P(-T^*)«k(i)( 



^)(r,t) 

tp {i) (r,t) ~ exp(--E k t)u£\r) , 
during the passage of the wave packet, where Ek = h 2 k 2 /2m and 



Here u[ti(r) and u-^ (r) are, respectively, the outgoing solutions of 



2m 



V 2 + V(r-r {e) ] 



u k$( r ) 
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and 
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-^V 2 + V(r) TjW(r) = E k ui + \v). (14) 

Note that is independent of time and that has an ^-dependent 
constant phase in order to match the boundary conditions for and u k + \ 
both of which are subject to the plane-wave normalization. Taking into 
account that uj^ = W^u^ 1 and = V^Wy) {W{g) and being the W- 
and T- matrices for the potential V^, respectively), we can write down the 
scattering amplitude as 

J-? 47r 2 m (o) ( )v 
F w (k,k) = ^2-«/,T w <') 

4^ r -r^ 1/ (0) ™ (OK n ,x 

= ^2-exp[-tK-r {e) \(u y k /,T u y k J ) , (15) 

where K = k' — k stands for the momentum transfer and T for the T-matrix 
corresponding to the potential Vo, because 

V(t) = V(r-r {e) ) = exp[--p-r w ]V exp[-p-r w ], (16) 

T{Q = exp[--p • r w ]T exp[-p • r {e) ] . (17) 

These formulas are easily understood on the basis of the Born approximation 

F w (k',k) ~ J d 3 re-^V(r - r m ) 

= -^,-^rf),^)), (18) 



and its generalization 

Vo — T = Vo + Vo- ^— — Vo , (19) 

E k - H + te 

with the total Hamiltonian H = p 2 /2m + V . 

If we deal with low energy scattering by a short-distance force, we can 

put 

F w (k', k) = - expHK • r (e) ]kb , (20) 
where b is the scattering length. 
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Along the general line of thought given in [ED], we introduce the decoher- 
ence parameter in a three-dimensional scattering process 



1 \k.duF\* 
Lwduj\F\ 2 



1 



/ dujexp[— iK ■ rm] / du> (21) 

J Aw I J Aw 



where Au; = (A6>, A<p) stands for the solid angle around c^o = (9 , (p ) under 
which the scatterer sees the detector. Clearly this e serves as a quantitative 
measure of the degree of quantum dephasing as in the one- dimensional case. 
Notice that this e depends on 9q and v?o in general. 

In order to estimate exp[— zK • vm], consider that is the resultant 
point of a random walk, r(i) — > rp) according to the theory of classical 

chaos 0. Therefore, if the incident beam is steady and very weak, we can 
use the Gaussian law with characteristic length AL for the distribution of 
rm, or, in other words, we can replace the above bar-averaged quantity 
exp[— zK ■ rm] with 

exp[-N p ^^-K 2 } = exp[-N p (AL) 2 k 2 (l - cosfl)] , (22) 



where K = 2ksm(9/2). 

The angle-integrals are computed in the following way: 

/ dLu = Aip(cos9 -cos(9 + A9))~A(p(A9sm9 + ( ^-cos9 ), (23) 

e -N p (AL) 2 k 2 (l-cosd) duJ 
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Jcos(0 +A0) 



^ e fi _ -N p (AL) 2 k 2 (cose -cos(e +Ae))\ 

N p {AL) 2 k 2 I J 

A(fe -N p (AL) 2 k 2 (l~co S e ) 



N p (AL) 2 k 2 



I _ e -Af p (AL) 2 fc 2 (A0 S me o + ^-cos6»o)| ^4) 
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Thus we obtain 



- 

2 



,2 



2 



e -N p (AL) 2 k 2 (l-cos9 ) J ]_ _ e -AT p (AL) 2 fc 2 (A6»sin6» + 



COS S() ) 



e ~ 1 — 



iV p (AL) 2 P(A#sin# + ^cos# ) 



(25) 



from which we conclude that 



e 



for A^(AL) 2 fc 2 (A^sin^ + 



( AO) 2 



(26) 



and 



1 for iV p (AL) 2 A; 2 (Aflsm#o + 



^cos0 Q )»l. 



(27) 



We get coherence in the case (|26|), and dephasing in the case (f27j). 

Consequently, we arrive at the conclusion that the chaotic motion of 
a classical system can generate dephasing, for sufficiently large AL, even 
though it has very few degrees of freedom, or, alternatively, when the classical 
system has reached a well-developed ("aged") stage, i.e., N p 3> 1 so that the 
replacement (|22|) becomes quite reasonable, after the interaction with many 
incoming particles. This suggests the possibility of inventing a new type of 
quantum detector, by making use, for instance, of a "randomly oscillating 
mirror" . On the contrary, we observe coherence for very small AL, or when 
the system is in the developing stage, before "aging" (N p ~ 1), even though 
in the latter case we have no sound reasoning of the replacement (0). 

The dependence of the decoherence parameter on N p , the number of 
particles in an experimental run, may be an interesting feature in our opin- 
ion. Such a possibility was previously envisaged within the framework of 
the many-Hilbert-space approach (see the last paper in [|IJ), but only in the 
trivial case of complete dephasing. On the contrary, Eq. ( p5|) displays a 
nontrivial N p - dependence. Such a feature is not known in other theories of 
measurement, and in particular is absent in the "naive" Copenhagen inter- 
pretation. Notice that (|25| ) is a rather general expression, in that it does not 
imply any dependence on details of the interaction (the potential V) . Indeed, 
such a dependence simplifies out in fl2~T|). 

Rapid change case: Let us consider the case in which r^(t) in (j^) 
changes very rapidly, during the passage of the £th incoming wave packet. 



8 



In this case, we may first replace the potential term with 



(V(r-r w (t))> = ~ f t+T dtV(r-r {e) (t)) 

i J t 

= Jd 3 r'V(r-r')w {e) (r',t), (28) 
w w (r',t) = - f t+T dt5{r' -r (i) (t)) , (29) 

1~ J t 



where r is the passage time of the wave packet. Furthermore, let us restrict 
ourselves to the situation in which wm(r', t) can be replaced with a statistical 
distribution Wfy)(r' — R($) which has width ~ AR(^ around and no 
time dependence except that through I. Under these circumstances, we are 
allowed to reduce our scattering problem effectively to that of an average 
potential given by 

%(r - R w ) = yV(r - r')W m (r' - R w )dV , (30) 

leading to the effective Schrodinger equation 



-^V 2 + V w (r-R (£) ) 



d 

ip(i) (r, t) = ih-Q^m ( r ; t) ■ ( 31 ) 



It is remarked that in using this equation we are neglecting some sort of 
higher-order fluctuation effects on the Schrodinger wave function. 

For the particular case V(r) = (2nh 2 /m)b5(r) (i.e. Yang's approximation, 
b being the scattering length), we further reduce ( p0|) to 



V w (r - R (£) ) = ^!foW W (r - R w ) (32) 

as a good approximation, because the force range of V is much shorter than 
|AR W |. 

We now find a parallelism between the adiabatic change case and the 
rapid case in the above approximation, with correspondence between r^) and 
V(r — r(f)) (see (||)) in the former and R(f) and V(g)(r — R(£)) in the latter. 
Note that R^) and r(^) are assumed constant in both cases. Therefore, we 
can extend the arguments on the conditions for quantum dephasing in the 
adiabatic change case to the present one as well. 
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It should be remarked that , in many practical cases, describes a very 
dilute and broad distribution, in which we can regard (^) as a constant po- 
tential with strength (2nh 2 /m)bW {i) (0) (W w (0) ~ |AR m |~ 3 ) over a spatial 
region of a wide spread |ARm|. In this case, we can easily estimate the 
scattering phase shift x by 

-TO- (33) 

Here A is the particle wavelength and p ~ |AR(^)|~ 3 stands for the scatterer 
density. For very large |AR(f)|, this phase shift becomes very small. This 
means that we can hardly observe quantum dephasing in this case. In con- 
clusion, this type of instrument is nothing but a phase shifter, which can 
never yield quantum dephasing. 

We have so far discarded possible effects caused by the recoil of the scat- 
terer. In order to take these recoil effects into account, we just have to 
reformulate the scattering amplitude in the above discussion, in an appro- 
priate way, according to the quantum theory of scattering. In this way, we 
can discuss the following two possibilities. 

Quantum chaos: Consider the case in which both incoming and tar- 
get particles are quantum-mechanical. (Note that the target particle has 
been treated as a classical particle in the above discussion.) The formal- 
ism described above still holds if we use the quantum mechanical scattering 
amplitude for the collision between incoming and target particles. Within 
this framework, we may be able to reach the notion of "quantum chaos", 
for the target particle state, via the observation of "quantum dephasing" of 
the scattering amplitude in the above sense. On the other hand, N. Saito 
[@] suggested that quantum chaos can arise from possible random phases of 
the quantum-mechanical scattering amplitude in the path-integral represen- 
tation. This idea may be realized by replacing the T-matrix in our formula 
( IToD with a related one in the path-integral representation, in particular with 
those in the WKB approximation. This, as a natural extension of the present 
approach, is a promising means to open a doorway into quantum chaos. 

Chaos detector: If we can detect the above-mentioned recoil effect as 
a signal, we have the possibility of making detectors that contain only a few 
constituents, for example, by means of a randomly moving mirror. Detectors 
of this kind are quite new; conventional detectors have a huge number of 
constituents. Even though we know that the generation and detection of 
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such a signal poses difficult problems, one such possibilities would be to 
utilize the Fourier analysis of the response functions in momentum space. If 
the detector D is characterized by a large value of the decoherence parameter 
e, we can catch the signal information by observing the Fourier spectrum of 
the correlation of the wave functions, defined by (ipB, I{k)tp'A){t), where I(k) 
stands for a spectral function yielding the momentum components around k. 
We expect such a correlation function to depend strongly on e, in particular 
when its values are close to unity (dephasing). 
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Figure caption 

Figure 1 Typical yes-no experimental setup of Stern- Gerlach type 
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